(@) True ; ZX={1.3.7.43 and H>={1,347}
w s is cyelic.

(b)  True:  [Sa/Anl=2, & 2 s prime, s S/ i cythc
(ald Grou of prme 01dn ane C?clia).

(c) Ea_lo_(, y  tn o ovly Tue if K hos ns nentaivial 3en0—divisny,.

(d) True ; i Jack all &ubgoaumaf (Z,+) havetu Som nZ.

@ True ;  Pexel hao roneoh since Tp={o1], 0%DH=I& [F++1=]
henee i+ irceducible since the Jq/w 43, and qued. polys.
in FIX] (F a field) geeaate masinnal ideds, s> e
quotient Z,[X)/(X'rxel) @ a freld.



(a)
(1) # o wxehd Jo firgk wnite 0 a0 a puduck of dirjoint cycles:
o= (156)(1 34)(2544)(3 7
= (1564)(l 43)(2546)(3F)
= (1435 ¢(2 5 4 6R 7
= (1 4)(2 6B 53 #
=(l 4(2 (3 7 3

T”WILPG'!E D(U_) = LCM(i,Z,—S) "—:@

(1)) = 0dA-0dd even= euven so inded 6ehAg.

(b) ( 2 3 4 6 & %
T:(z 4?7 T 3>
vsing endeies: | and 5.
So thew ane fwo casen:
) <ll=l & cB)=S Thuos dajoint cycles:
=02 4)(3 ¥ (whdha odd)
2) Ttl)=5 Z<(5)=1, They
-=(124 5‘) (3 7) (which i eveu)
So tels = cone 2 coviedh: =5 & ©(5)=1

For n73% weean Job o= 02) ©=(23) m Sn
Thum ct=023) & To=(32),
0 OCT+TO; His dhows thet $n io non- abslian.



©

(a) gg Lagnanges thasem, any subgoup of a Group G of oudun p*
hos ovden 1,p, 02 p%  Hence any rop subgroup heo odin lorp.
The OYIILJ MM-—! wbqﬂoup o {e,%, whicha eyele .
AVVJ qum-p Subqooup 7, 594(.1 Sivice all pn}me—-mdu g
ot cyele

(b) let H £73 betu 'nmagl.op ¢. Thm we have &
suiectie gooup hom.  Zzg— H wl lend {08,165
5 Zoa[l0.8,63=H  und-Hon of qoosp homs)

= [ e /150,863 = IH)
= 24/3 = JH = |HI=§&.
So H wibedled Ty (since 1Z51=8), s 0 sunecve.

(¢) By the fund. Hhm again
G/K= me@
& by Lagqranger thm. [ime| duiden [H= 10.
B |G/Kl= lel)ik) divides [6]=6; s
lim@l a o common dvimof 6 & 1D.. the only possbilidia
ow | &2
So et imel=l, i whh case T?Z(—“—l A Kl=6
or  |imwl=2, in which case =2 & IKI=3

So indeed Kl must be et 3 o1 6.



@ He@ o VxyeG w'y'wxgeh.

) Supoe  heH & geé

™ gy’ = Ghg')h
g seting ¥=g, y=h", we see +hat
ghg H" = Xy'xy eH,

=) (ghg" b")h e H since U i closed und mulh
Henee ghg'e H. This vt fnalk ge6, heh, so HaG.

(b) Fmang-Fwoe(mm{t He, Hy € G/H,

HxHy = Hxy
& HyHy =Hyx
So thayone equal i#f Hy = Hoy,
whidh holdy iff ¥y lyx™ eH, ie. xyx'g'ex

Buk tha holds, snce  xyx§'= o™V av, whine v=x'8u=y?
& Hils Jan in H by amumplion.



®

(0) ') 1 nmamgty S0z @IOR)=05 €P = Og e (P
@'(P) i closedundn sulbfidion sine
Vabey'(P),
pla-b)=la)-k) eP
sinte. pla).@(b)eP £ Pis closedund subkachion
= a-beg'(P).
©'(P) i s¥icky, gne
\Voe cp"zP) KreRk,
@lar)= o) @) eP sinee 0la)e? & Pis shrky
A ©Fa) = wl)el) €P Lotk some seaom
= or&ca o bethin ' (P)

b) Suppox that abe ¢'P). (a,beR)
Ther p@b)eP, »  ola)el)eP.
Sinte Pio prime, eithon pla)eP s plbeP
Henee etn o e'(P) ;m bea'(P).

This dows thet G(P) b q pime iduh of P



(@)

Obswe thak 2% 42+2 = 4x1+2=0 wn Zz
0 2 b aporof XEux+2.

FaL’fO’l'ln_q it ot Gves

Wrtxe2 = (X-2)(X+8),
o1 equivaletly,  (X+S)(%t6).

(b) let T=(x+5),

Then T =21 soee any muiple of (X+3)(¥40) 0 &
mulkigle of (%5), bt TET snee X+5 € (X+d%z)
(no el of (X+Uv+2) can hauadzgm 1).

// T= () © dhe other possible angwen.

() Botn

X+s R x# o zeo-dwios in ZBIKI)L;

both ane mnzew, Snce T yps no dgue ( elemenhs, but
Her poduckn X5Ux+Z =0

(A) Divition aAWﬁhw
X+3
Kvixe [ Y3+ Okt 2% — |
N L E

-~
Y+ 5% ¥

Teema‘maem

So
X+ 2% =(;<7‘+le+2)\(§:2_) ¥ 2-_5_’
quoten  remaindy
& +hus
)(3+Zx«( = F in
/1,

since (et )- 2
is o ulhple of (K tyeg).



@

(o)

No such 4wo qroum oreint, goce any qnoapop 0dn 5
iyl (sne &0 pim) K. hence iemeyphic o s,
0 any fwo 0dn-5 goups ane iwenphe o each ot

(b) L ovindud aoy TDnwl n cmpeid) s o commudative ning ol 4
bud- notan integuel domain; vste that
23=0, but 2,3+0 n Z.

(&) Z 3% a pmetdead (ab=0 => a=0 o b=),
but & 2 net mivimal e for exanple 27 & a lagw

prop il

() X5x = x(x+),

K Y%y = ¥4 Zx+12 = (v+3)(x+d) Ty

So there gjue Awo different Sackozations: e can chack
ot e fackon of X(x+\) au viot comtant- rutkiples ot +he
e Sadters 0 (k) (xes).

() Thow s m oot of X~ in Zs, on uwe can chek by Bidl Remen

04=0=+2 &, & quicun roude:

M=) %2 Forwat fitle Hhenom imploes $het
24=4= %2 VxzoinZs X'=|#2.
= 4= (#2

4= |t =|+2

(alh anthmetic & 0 Zs)



