Math 350: Groups, Rings and Fields
Final Exam (spwg 20{6)

NAME:

e Attempt problems 1-8. Problems 9 and 10 are optional.

e Justify all your answers. (If you are unsure whether or not something requires
further justification, you are welcome to ask me.) Please write clearly and legibly,
and cross out or erase anything that you do not want graded.

: !
e You may use the course textbook (Ch.0-14, 16-21), your class notes, and old home R_’%Ilmi« m‘?:

work and exams. Please clearly identify any theorems or previous results you use. au-p:zt (babrsidy)
mofeshest .

e No other textbooks, websites, calculators or outside help may be used on this exam.

e All discussion about this exam is strictly prohibited (including conversations about
how easy/hard a question is, and how much progress you have made so far).

Problem Number | Possible Points | Points Earned
1 14
2 13
3 13
4 10
5 14
6 14
7 12
8 10
9 3*
10 3*
Total 100






























































































































































































1. (14 points) Let 0 = (2 5 4)(3 7T)and7=(4 6 5)(1 7 3 2)be elements
of 57.

(a) Express o7 as a product of disjoint cycles, and use your answer to find the
order of o7.

254365 F32
= (1352)(4¢)
=\ o) = LCM(4.2) :

(b) Express o7 as a product of transpositions and determine whether it is even or

odd.
T = (1352) Hb)

= (2)(1s)(13)(4b) (many oﬁWam&wmwxprk)
Y ‘f‘/ldﬂ&POSiHm’\A =Y 0T on eme pmmwfazlxxm_

(¢c) What is the order of the element A;o % A;7 in the quotient group S7/A7?

AT vhyt = Azl Ko o ewen
(e i in Az)| o halic) arthe iddldy
n S?/A;L

=Y He enden Ua

(d) Is there an odd permutation of order 7 in S7? If so, give an example, and if
not, explain why.

No. 1 Fe5 i oddl, then —gq&ndpoboMJ
- 50 (}cawmojrb(,#'niclmﬁg.












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2. (13 points) Let R = Z[V/3] = {a + bV/3 | a,b € Z} and let

=1 o

Show that R and S are isomorphic rings.

D ' q)fq—*g btj
o 0(0+073) = (5 2)

@,bEZ}.

Tt o ((@ebE)+ (0gebs))= @ (a2 b))

< (e lrt) (3 8, (G )

= (aﬁ'bnﬁj + C@(ai."\- ba.g)
g (‘P ( (a&h.ﬁ)(aﬁbﬂs—»: LP((alal+3b|bl>+ (ale'\'az},),] E)
_{a0a3bh, abirah, \ | (a0 b\/% b,
o (wlhﬁazb) Qla+73b,b, N <§b. X >(3b1 az)
= @ (Qr\—b,ﬁ) P (ag_‘\‘bzﬁ)

So @ i @My hsmpmerphiam.
p N bljeb"lw- Nl (fin Mamph) ithos invery &AWO‘H@’V(
’\_P( 30;) &b)>: a+ brg

So @t an powephim  honce. =S













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































3. (13 points) Let G be the set of all 2 x 2 matrices with real number entries. Then G

is a group under the operation of matrix addition. Let
a b
H:{( )EG a+d=0}.
c d
Show that G/H and (R, +) are isomorphic groups

Define

LPLC—,—%R
M p((28) = ad

@ b 0. qroup_hom (o (G4 & (R, 1) since
v bﬁbz)) = Ai+aq +di+dz

(-Q( @ b' C7_ da_j CP<(C+C2 At
— (aod)loed) = ((“ )+ (2 5)

P n medwc sne. YaelR, a= CP( ) A“%@WP&)

So by He Jund. Hhn of qroup homemerphimma,

G/ =





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































4. (10 points) Let ¢ : R — T be a ring homomorphism that is onto, and let I be an

ideal of R. Show that (/) is an ideal of T', where ¢(I) = {p(a) | a € I}.
(This theorem is stated in the book, but it is stated without proof. You are required
to explicitly prove all necessary parts of this here, instead of citing the theorem.)

1 sudlices 1 chud thak o (T) W nm&wﬁa] closed anden subrackos

awA &41"6\/(«!4.
Oﬁe’_): = LQ(OQ) € CQ(I)) X0 LP(I) n V)WWlpig‘

Vigeem), JabeT o x=el) Z4=2lb)

o X-Y = p(a)-@(b) = pla-b)
£ a—bel (Tw closed vndes subbadfion)

hence - yee (—T—\); < (1) iv cloged undn sebtadien

&/\&—QP(I) and seg,
JaeT ok @@ =x, € JreR s @f=s (¢ uswijedive)

— % = ®(0) )= lar) & arel (T o sheley]

=) vse (D)
¢ gmilaly  sx=co(co) ecp(T).

W @ IT) &jc_lt‘j.

Henee 0(T) » av ideal







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































5. (14 points) Define a relation R on the set Msyo(R) of 2 X 2 real matrices by ARB
for A, B € Msy2(R) if and only if there exists an invertible matrix P € GL(2,R)
such that A = PB.

(a) Show that R is an equivalence relation on Msyo(R).

o equivalene neledion” & o nellwive, symmobiic & Aronidive nalaion

TZ&HQX‘NHM:
FAe Mpa(R), A=TA (whaw T2 (0)
o ARN (T & invertib le).

Sqmmdl/—’g
£ ARSB, then =T an inverhbl malbn Pgd.
— A=PB
S  PA= PPBR=IB=T.
* o abo imetbe, e B=P% =5 BRA S5 R spumelnc
TfaVl&'rhUﬁlg'-
I+ ARB A BRC, thes T inverkilse M&LTFCM Pa sk
A=TB & B=4C
= A=(&)C.
PA. i invertible (b mvorx v @'\PA), w ARC. So R u Trangiive

(b) What are the equivalence classes of the identity matrix I and the zero matrix
0,7 (Note that these two sets will have orders.)

A—RIZ it A= PIe=P Lon av inverfible maliv P
d N i invedible.
36 -H%c\amsp T, o G Lo () U'}'uwl-c-gmumblz ww%/ceo)
ARO, i A= POL=0c Sorsome inv P
i A=0c.
Sp e clom A O, contatmn gly O o {04

6











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































6. (14 points) Let F' = Z7; and R = F[X].

(a) What are the zero divisors in R?

(Mo =0p iH oleg [IMg]= ~co
o ’ T GM‘F(\Q“‘JIQQ(\()LM it dog f)=-en @4&99(}(\:-%

i $M=0p & 9lN=0p.

Se He CMM zoro-Airm & O sd§
(b) What are the units in R?
R* =€ (0s dswm on PSI).
AVM LeFF o unit sne ut el andvo non-confiend ) g a unt

e 1 p=$0gld = Jwﬁ%c]d%q&}:() =) daeyf () =dey 56 =0.

(c) Let f(X)=X?+5and let ] = (f(X)). How many elements are in R/I?

T=r™, whew 0 2 the nemaindy whar +& ndivided by K55 dyr(d <2
So any elbgf RIT o 2% Sor s abeF
No fip such effs ase equd, sue all vomgo vl of X35 have degoa 52,

So IRIZl= IFLIF = ]49 ]
(d) Is R/I a field? Justify your answer.
No; XS hosa oot in F 2%5 = 2+5=0 (in ¥=7)
T YT e ndduahle = (X5S) ot psimal = RIT @aita flel).

/N
LspecHFcC.IL% Xq—_@: C\(‘t3> (X‘3)
= (¥+3)(X+Y)

(e) Is R/I a domain? Justify your answer.

No: w5 @ + 0, bt

-

W-W: \(ﬂng.











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































7. (12 points) Write down the orders of the following groups:
it el
[ I I A L \J-b COITT UITOUU  CU

nac'- Z ()= {ZéDq DXz =2ZX

(b) Dy4/Z(Dy), where Z(D,) is the center of Dy Vxé@u}
. - Z z 3 '.

Waite Th={e d, {18 4 gf 447 91°0 G in clam [y gt

one con chede et £ commude wl amgbhiag bt no st olumants db. £g4"
unles; 422
= 2= {edY = Foaz > (o= 2= gi"g =5
(c) (x%), where o(z) = 10 295"
. 6 N cnlegs n=2
0(7( ): _6,7)) = - =

(d) G/H where G = Zy5 x Z4 and H = ((5,2))
O((SJZ\) = (_CI\/\(O[S) inlhe , 0(2) in
- Lem(3,2) = 6

)

i~

= HI=4.
| Gl= [Ze| 1) =606, i+ follows Haat

_ & 60
|G /Hl = T g ‘

Since
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































8. (10 points) Let G be a group and H < G.

(a) Show that if € G is an element such that o(x) = m, then o(Hz) is finite in
G/H and divides m.

XM: ec since o=,
=) (H»c)m: Hv" = Heg= Cqyy
oM M Gn portisdan, 6 (Hy) i Siare).

(b) Show that if |G/H| = n, then ¢g" € H for all ¢ € G. (Note that this part is
completely independent from part (a).)

By Lagunger e, 026, (Hg

= (Hg)"'= Heg
=) Hg"\: Heg,





































































































































































































































































































































































































































































































































































































































9. Optional Bonus Problem: (3 points) We know that Z¢,,, is a group under ® (ie
multiplication mod 6011), since 6011 is a prime number. Find the inverse of 1001

in (Zgy1, ®). (Your answer should be an explicit integer between 0 and 6010. Note
that this can be computed without a calculator.)

Note: thio i 'ﬁ'Ckg if ysu haven* chudied
Hhe Cuclidean d%m.ﬁhm in §4 (which
we didntdircum in clam)

- 100\ = 6006
= _5 mod 60U
wudh. by 200 -
=Y 1706 - 00! = — (000 mod 60U
add 100V

=y 120l 1001 = | moch 60

So IOOF\ : n 7601(.

10
































































































































































































































































































































































































































































































































































































































































































10. Optional Bonus Problem: (3 points) Give an example of a group G and elements
z,y € G such that o(z) = o(y) = 2, but o(xy) is infinite.

Note - inany such PJKQMPQ. G wmust be non-abesu, Cindinre.

Hewe v 0. Coapll. MW@Q\:
) G=Sw biedion B— K
?eG dleqcbu) bcj ’S:(x):—x’
G eG defined bg g(x):z_x_
Then  of b =-x=x & goglx] = 1~ =x
So ot £ 8 g havady 7
foglel = = (=T, 50 Uog) (= xm #%
Yzl
=5 o(f9)= .

7) G=GLZR]. Lt AeG be (s _b\} 2 BeG b the
mafiﬁx . 51Q ﬂbﬁed‘faw avy a ﬁmz malu‘ng angﬁ O w/
M xeoors, One can ched tak BA ooy 6 Aandenmabioy

bhak potaben  He plane by 29, countenclodanise. So gy
ong @ HTER, no pows (BN a-the adily brahn=o)

je. OCBA\: oo. But A'L—_-_'B’L:J—_.

11




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































