Ambherst College

Department of Mathematics and Statistics

MATH 272 FINAL ExAM SPRING 2018

NAME: § OM‘WS

Read This First!

¢ You are allowed one page of notes, front and back. No other books, notes, calculators, cell
phones, communication devices of any sort, webpages, or other aids are permitted.

o Please read each question carefully. Show ALL work clearly in the space provided. There is
an extra page at the back for additional scratchwork.

e In order to receive full credit on a problem, solution methods must be complete, logical and

understandable.
Grading - For Instructor Use Only
Question: 1 2 3 4 5 6 7 8 9 Total
Points: 9 9 9 12 12 9 9 9 12 90
Score:




Math 272

Final Exam

1. [9 points] When titanium tetrachlroide is sprayed into the air, it reacts with water vapor to

form hydrogen chloride and fine particles of titanium dioxide (sometimes used to create simoke
screens). The reaction can be expressed in the chemical equation

TiCly + HoO — TiO5 + HCI.
X XL X3 X

Write and solve a system of linear equations to balance this chemical equation.
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2. [9 points] Suppose that there are two cities, A and B. Every year, 20% of the citizens of city
A relocate to city B, and 10% of the citizens of city B relocate to city A.

(a) Viewing the movement of population between these cities as a Markov process, find the
transition meatriz T of this process. More explicitly, T should be a matrix with the
following property: if a and b are the current populations of cities A and B, then the two

coordinates of T Z) are the populations of A and B next year.

6.3 0.\
0.2 0.9

T =

(b) What percentage of the current population of A will live in city A two years later?

0.3 0.l 0¥ &
R o) | Py

6T 0.4 6.2 0.9

0.4y 0.02 0.68+ 0.09

) G Abt 018 é.bL+ Ol
b.3Y 0.93

So 6P ho W pop- T A will ke i affn

two yns.
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(continued on reverse)
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(c) Find the steady-state probability vector for this process.

Tas = S
- N(T—I)
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3. [9 points] Suppose that V and W are two vector spaces of the same dimension, and that
T: V = W is a linear transformation.

{(a) Prove that if T is one-to-one, then T is also onto.

T re-dome =0 dimN(T) =0

= dwR(T) = dimv (e dimV= dinRIT) > AnRGE
by Renle-vullity)

=) A‘MR LT) = A""W .
(i di = i

= T i onto.

(b) Prove, conversely, that if T is onto, then T is one-to-one.
T oo = dimR() = dimW
=) An‘mﬂﬂ = XJMV (sim( Aim Ve dine W)
S NP + i WV = AN

(anee dmNLT)+ LR = dimV
£ X‘w']? () =o\1m\:)

=)

=) ATMN(.'T\=D

= T & svu—~tv-one,

(continued on reverse)
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(c) Prove that if V' and W have different dimensions, then it is impossible for T to be both
one-to-one and onto.

We ow fhe contrapositive:  (f T is both
- Ho- ene 3 oo (e, aw t‘snmomhrsm\, thew
AEM\I::ATMW.

Acaume T B b ove-1o -ove 2, onto.
Then Lim NCT) = 40 O
ant LimR(T) = Aim W.
So since dim NLT) = dimRCT) = dimV  (Rank-nulltty|,

it follows thak 0+ dimW = AimV
je. JimwW = dimV.

Henge 16 dimW 3 AV, $he- T cenndk be oot

e -1~ &, owio.
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4. [12 points] Denote by P2 the vector space of polynomials of degree at most 2.

(a) Consider the basis B = {z + 1,72 + z,2% + 1} of P». Find the coordinates [z%]5 of 2 in
the basis B.

L
Ci(x+) + ¢ (Wex) + Cx()k"-t-l] = X
= G+ G =0
CG +C =0
G+l =

I 0 V{0 S S
it 1 olo}) — 6 | =\
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it O Of=\13 f
-5 (o ) vt ) ) =

oo 1 l wt  ? [X"]B l
(b) Let S = {1,z,2?} denote the standard. basis of P,, and let B be the basis from p

Determine the two change of basis matrices [I]5 and [7)8.

[I]BS i eatar o see by impetinn:
O . (
[wwls= (;;) b‘\ﬂ]s;(:). (XR]g = (cl)
o \mla= (1)
Now, [Tt the invewe.
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(c) Consider the linear operator T : Py — Py given by

T(p(x)) == - p'(x)

(where p'(2) denotes the derivative of p(z)). Find the matrix representation [T]s of T in
the standard basis S.

[T, = [x6],= [e]s = (8)

(d) What is the matrix representation [T]p of T in the basis B? You may express your

answer in terms of your answers to parts (b) and (c), without simplifying any
matrix multiplication. ‘ :
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5. [12 points] Consider the matrix A = (_12 ;)

(a) Determine the eigenvalues of A.

-N |
Vouks 2 T _\=o
chotis | RN

(-NH-N +2 =0
A-SN+ 6 =0
(N2)(W-3)=0

IN=Z, %3]
() For it S, B ocoers Sgenvoctor
V= N(T )= NE ) =nN(s T
= spon { (1)]; id— V= (l\)

. (continued on reverse)
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(c) Diagonalize the matrix A (that is, determmine matrices P and D such that A = PDP,

where D is a diagonal matrix).

_ | \ \,\ A .:,[7 haw 'h(m
P ( \ ) (< ,a(n\‘z,tv..g to stoudud)

D=(¢ 3)  (eqonehasondugond;
thy i the malin,
NeQ. In Ba/m (Vn.\?t}).

d) Find an explicit formula for A™. In your answer, each of the four entries of A" should be
P

given as an explicit formula of n.

I

K= PD"- P

— [V 1\ 2" o\ [ ‘)"‘
- (\ 2.) (0 3") 1 2
Y 2 S (2” o\ [z -
- (\ Z) o 3" \-1 i
L (z -l)
(2" 237/ -1
_ | [z2™32" =21 +3"
22723 -0+ 237

tenectiv 2 - n [=] |
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6. [9 points| Consider the following matrix.

1 -2 f0})2
1 3 {01
AR 1 =717 {10
1 -1210/ 4

You may use, without proof, that the matrix row-reduces to the following matrix (in reduced
echelon form).

0 3 01
0D -501
00 0 @1
00 0 00

(a) Find a basis for the span of the columns of A.

_Du. RREF hos Pl\luh (1) wlu"'\ws' A &L‘(.
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(b) Find a basis for the null space of A.
Gev\ sdmts  A%=0 15 in vedor form:
Xi —?.’.\‘3 7re -3¥3-%s -3 :
Ye = 5¥%—Y%s 5%y =Xs 5 -\
g =¥s{1 |*Xs |0
Xs QTC&‘ ;
=2 --‘(
SV L) -
| o i» o bosa fon NA),
0 -1 (continued on reverse)
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(c) Find the general solution (in terms of one or more free variables) of the matrix equation

1
- 1
AT = 1
1

Hint: The right side of this equation is equal to the first column of A. Use this to find
one specific solution, and then deduce the general solution from this.

l (
’ is 0 . \ )
one specit son § sk (“ O the

17 column of A.

So the v sdm b gluen by this gpeuh ¢
gu\‘n ﬁplw) a SO\LC‘WCM to AX D [

\ -3\ o
(6 51,
T o) + Xz{t [+%Xs | O wl Yo%
g g “\\ Free
Rags

N, coutdingtu,

Yo=l= 3X%3-%s
¥1= SA%3-Xs
X3 = free
Xq = =Yg
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7. [9 points] (a) Let T : R? — R? be the linear transformation given by reflection across the line
y= %1: Find the matrix representation of 7' in the standard basis.
-1
2

y= X Wwe can chooy ano)rlg.u \baad)
| | wha T oy eano wiide down:
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(continued on reverse)
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(b) LetA=i(5 +12

B2 -5 ) This is the matrix representation of reflection across some line

through the origin in R? (the “axis of reflection.”). What is the axis of reflection?
The oxy muat e the edqunspace of A=l
Yhe nulispaee of

._,.L. 5 ,\_,".) _ \ o\
13 ('\1 -5 ( e )
~alp 3
vz 8l
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8. [9 points| Consider the following three points in the plane

(mlayl) = (112)7 (12;12) = (372)7 (x3sy3) = (3a1)
Suppose that we wish to find a line of best fit for these three points. This problem concerns
two ways to do this, which optimize different choices of “error function

(a) Suppose we wish to find the coefficients of a line in the form y = ¢;z + ¢; that minimizes

Sensa ot = fef)e(i-GII

Determine three vectors ¥, 72, b such that this problem is equivalent to minimizing
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(b) Find a linear system of equations whose solution gives the optimal choice of ¢, cy in the

previous part. You do not need to solve the system. It is sufficient to write the
equations.

The voimal egn far s Lart squanes moblem s
vl'-‘./.( V.'Vt ( ¢ ) _ V.-'E
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(c) Now suppose that we wish to find the coefficients of a line in the form z = 1y + co that

minimize

3

g

E (cryi + c2 — 3;)%
i=1

Find a linear system of equations whose solution gives the optimal choice of ¢; and c2 in
this case. You do not need to solve the system.

Lile before, we §ind @, W, b

C. =4

1§ solved, thits ogives c=-l,
o the fne s X=-y+sH e, y=-X4y,
K
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9. [12 points] Suppose that B = {#), - ¥,} is a basis for a vector space V,and T': V — W isa
linear transformation.

(a) Prove that T is one-to-one if and only if {T(7}),--- ,T(%,)} is linearly independent.

Su.ppak thek T o gnetoome, n . -
Then Snall G- ca swh thak 2 GTE) =0,

i3y

it followy thed T(Zc.v,) =8 (T s fivean),

hence ZC'\V; =D, sinte T T owe-to-one,

=
Sinl.l. 'B n QBOA\‘\, H““ LI‘ SO i"'&“ﬂy) +het C=Cp= ez (=0,
Henee T(V;)."lﬂ\'fn] ore LT,

Covxvmulq, supporthak ’T(,Vs\ . T (V) OA-C." [y o
Forang v e NG, we can woite v ZC('\'I': (sine
B spems V), hene TG = ZC.Tt']ao (T s lnay) |

Sinte T TWR), A L.‘-l: i+ fllow thad
) G oanl®d w V0 6 wcll So  N(T) cordein

-
ovly O, fe. T b oneto-one,
(b) True of False (no explanation needed): the statement in part (a) remains true if {#y,- -+ , 7, }
is only assumed to be linearly independent (not necessarily a basis).

[Fahe)  (Ooave: +he prusk above wied b

ek B o LIR thefitspermV.
A countmroxanmple if it Jowm‘ﬂpam
vl V=RY B={l), &

TR= (o o)i)

(continued on reverse)
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(c) Prove that T is onto if and only if {T(%,),--- ,T(#,)} spans W.

Suppoe T gnlv.
Then for A wWeW, thouet 1ome VeV
sk TEW  (Thn owh). Since B spemV,
thow exot ¢, la with V=RV

Then W = T(EeT)» SaT@) (7o diew)

s> w & S()GVI s T(%\,---,'TWA} ,
Hence ol @ €W ane Yathis spen, so (T, - Tl
spen W.

Convensely, suppow {TW») T(.Vn)} spam W,
Then foal WeW, J ¢, ¢ sh W= gcT(v‘J.
Soe W= T(fc- ) we R,
Hevwe ald % eW arcin RI(TY, fe. T is ewlo .

(d) True of False (no explanation needed): the statement in part (c) remains true if {7, , ,}
is only assumed to span V (but is not necessarily a basis).

LT(‘WL. The (v\uo(— abow wied thak T spamV,
but wo-thet B o LT




