Worksheet: Pigeonhole principle Math 220-02, Spring 2020

Work on the problems below with one or two students nearby.
Call me over if you have questions or want to check answers!
Each of these problems can be solved using the pigeonhole principle:

Let m,n € N. Suppose that a set of objects (“pigeons”) are distributed among n categories (“pi-

geonholes”). If the number of objects is at least n(m — 1) + 1, then there is some category with at
least m objects in it.

1. Assume that all people have at most 200,000 hairs on their head. Prove that in New York
City, there are two people with exactly the same number of hairs on their head.

Thoe o ak leeat Smillin popleia NYC. (cumind pop. = 3.6 million),

Sot thum into pigwdols {01, 10000] acwding Hdto Hhe
umhen of hav on theis haad. Sine & miian 3, 200,000+

thds o pignonhok with %2 peopl (in fak. Hhoer one
with % 4D (uoplc 0 sometwo puopk have Hhe same

mumber of hasna .
The pigeons are: Thy ¥ Smllios The pigeonholes are: Ty num'xm
people in Nye. 0,1, -/ 200000

2. How many digits of 7 must you examine before you are guaranteed to see some specific digit
at least 1000 times?

Inthe Wonk canc® you wight see eceh digt 0.1,4
994 fino bofou seeing any 1000 Hmu. But for cerain
yo'll su a nepeaf o you sece

[0-9aq + | = 4qqq|
J\‘g&h.

The pigeons are: Plai¢ valus The pigeonholes are: T, Al‘ﬂib 01,4
in the decmal of . ‘
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3. Suppose that there are seven bicycles on the section of the Norwottuck Rail Trail running
from Amherst College to the Connecticut River. Assume that this section of the trail is
exactly six miles long. Prove that there are two bicycles that are at most one mile apart.

By divding the il int six one-mile segments, we may divide

the soren bicyclish ints Sk cokgpnin. Noke that we could pliwe

+he mil(m'm "k eivher e [ XW o the seed.

bu} i+ went malke @ diffomme.

Baprgumhbl( pinciple. omd two bzytls an & the o seqmet. Tho
o biugls and ab mos one milc agodky Cine the segmon ane

one mik long.
The pigeons are: The pigeonholes are:
The seven bizyeles. The seb 10,1}, (L2), (23} (3.4},
(4,83, (Si6)
(o0 o), [1,2), ek. it-endpoinh ane rsated diffpmently)
4. Suppose that S = {s1, 2, -+ ,s10} is a set of 10 natural numbers. Prove that some nonempty

subset of S has sum divisible by 10. By convention, the “sum” of a set with just one number
is the number itself.

This is a more challenging application of pigeonhole, so I've told you below what the pigeon-
holes and pigeonholes could be below; see if you can find a proof along these lines.

Conidnthe ehoven numben 0, S, S, v, Si#64=+ 5.
Sotthem bythae loatdigd. Thiw ane +en (<elven) digih possible, 50 s0me

dwo sums end with the same drigit. T dffone o more dgta
m’rhupwk
W.YW\H + S‘mwz +4Sh Wl“&pbwkk
£ some m.nefO, --’IO'S wl men, and mwntrend in 0, Wne iﬁc:ﬁwwlo,cw
Hr—stm  Thhina wm of a swhnd {Smﬂ,"', Sn} €€ olg:\):-ll-};m

+hak o divisible by D,

The pigeons are: The numbers 0, s1, 1+ 82, S1+S2+83,-*+ ,81+ 82+ - + s10.

The pigeonholes are: The digits 0,1,2,---,9.
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